This work is focused on the mathematical modeling of three-dimensional Couette flow and heat transfer of a dusty fluid between two infinite horizontal parallel porous flat plates. The problem is formulated using a continuum two-phase model and the resulting equations are solved analytically. The lower plate is stationary while the upper plate is undergoing uniform motion in its plane. These plates are, respectively, subjected to transverse exponential injection and its corresponding removal by constant suction. Due to this type of injection velocity, the flow becomes three dimensional. The closed-form expressions for velocity and temperature fields of both the fluid and dust phases are obtained by solving the governing partial differential equations using the perturbation method. A selective set of graphical results is presented and discussed to show interesting features of the problem.
Introduction
The dusty fluid system is a mixture of liquid or gas containing fine dust particles. The study of flow of dusty fluid between the two porous walls has many applications like operation and design of filters, fluid dust separators, combustion chamber walls, exhaust nozzles and rocket engines. In order to protect certain structural failures due to frictional heat or hot gases in physical situations like re-entry of space vehicles into the earth's ionosphere, MHD generators, MHD coupler's and bearing, it becomes necessary to cool them. The cooling can be achieved effectively by injecting a coolant through a porous wall and simultaneously removing it through the other porous wall of the channel (see [1] ). Attia and Kotb [2] investigated twodimensional MHD flow between two porous, parallel, infinite, insulated, horizontal plates and the heat transfer through it when the lower plate is kept stationary and the upper plate is given a uniform velocity.
Gersten and Gross [3] discussed the flow and heat transfer along a plane wall with periodic suction velocity. Effects of such a suction velocity on various flow and heat transfer problems along flat and vertical porous plates were studied extensively by Singh [4] . Gulab Ram and Mishra [5] applied the equations of motion derived by Ahmadi and Manvi [6] to study the unsteady MHD flow of conducting fluid through porous medium.
Nag et al. [7] discussed the Couette flow of a dusty gas between two parallel infinite plates for impulsive start as well as uniformly accelerated start of one of the plates. Chamkha [8] discussed the hydromagnetic two-phase flow in a channel. Umavathi et al. [9, 10] studied the oscillatory two-dimensional flow through porous medium bounded by a horizontal porous plate subjected to a variable suction velocity and also discussed the Unsteady two-fluid flow and heat transfer in a horizontal channel. Singh [11, 12] studied the influence of a moving magnetic field on three-dimensional Couette flow and also discussed three-dimensional flow of a hydromagnetic free convective flow past a porous plate. Sharma and Choudhary [13, 14] discussed the magnetohydrodynamics effect on three-dimensional viscous incompressible flow between two 0307-904X/$ -see front matter Ó 2011 Elsevier Inc. All rights reserved. doi:10.1016/j.apm.2011.07.014 horizontal parallel porous plates and heat transfer with periodic injection/suction and three-dimensional Couette flow and heat transfer through a porous medium with variable permeability.
Ahmed [15] obtained an analytical solution for three-dimensional mixed convective flow with mass transfer along an infinite vertical porous plate in the presence of a magnetic field effect. Sharma and Saini [16] discussed the effect of injection/ suction on a three-dimensional flow past parallel plates with transpiration cooling.
Dalal [17] analyzed the generalized Couette flow of a dusty gas due to an impulsive pressure gradient as well as due to impulsive start of the lower plate. Ahmed and Sharma [18] investigated 3-D free convective flow and heat transfer through a porous medium. Singh and Verma [19] discussed the 3-D oscillatory flow through a porous medium with periodic permeability. Govindarajan et al. [20] discussed the 3-D Couette flow of dusty fluid with transpiration cooling. Singh and Sharma [21] analyzed the three dimensional Couette flow through a porous medium with heat transfer. Recently, Singh [22] studied three-dimensional Couette dusty fluid flow between two horizontal parallel porous flat plates with transverse sinusoidal injection at the stationary plate and its corresponding removal by constant suction. Further, they studied the velocity profiles and the skin-friction coefficients.
The main objective of the present analysis is to study three-dimensional Couette flow of a dusty fluid with heat transfer with the effect of an exponential injection/suction parameter. The perturbation technique is employed to obtain the analytical expressions for the velocity and temperature fields. The effects of different flow parameters like mass concentration of the dust particles, injection parameter and the Prandtl number on the components of the main flow velocity, cross flow velocity of both the fluid and dust particles are studied with the help of graphs. In addition, important observations on the effect of the Nusselt number on temperature fields are listed which are not studied by some of above mentioned authors.
Formulation of the problem
Consider the Couette flow of a viscous incompressible dusty fluid bounded between two infinite parallel flat porous plates (see Fig. 1 ). A coordinate system is introduced with its origin on the lower stationary plate lying horizontally on the x ⁄ À z ⁄ plane and the upper plate at a distance d from it is subjected to a uniform motion U. The y-axis is taken perpendicular to the planes of the plates. The lower and the upper plates are assumed to be at constant temperatures T 0 and T 1 , respectively, with
The upper plate is subjected to a constant suction V 0 and the lower to a transverse exponential injection velocity distribution of the form
where a is a constant and e is a positive quantity ((1), V ⁄ is transverse exponential injection velocity distribution.
The velocity components of the fluid are denoted by u, v, w in the x, y, z directions and those of dust particles by u p , v p , w p , respectively, and the temperature of the fluid by h and that of the dust by h p .
Equations of motion
In general, there are two basic approaches to model two-phase fluid/particle flows. These are based on the Eulerian and Lagrangian descriptions known from fluid mechanics. The former treats both the fluid and the particle phases as interacting continua (see, for instance [23] ) while the latter treats only the fluid phase as continuum with the particle phase being governed by the kinetic theory (see [24] ). In the present work, both the fluid and particle phases are treated as interacting continua. The governing equations of motion of steady viscous incompressible fluid with uniform distribution of dust particles in non-dimensional form are [25] : 
where s is the relaxation time parameter of the dust particles, f is the mass concentration of the dust particles and k is injection/suction parameter defined as k ¼
Here the 'bar' stands for dimensional quantities, p is the non-dimensional pressure, p is the pressure, q is the density of the fluid, N 0 is the number density of the dust particles which is assumed to be constant, m is the mass of the dust particles, k is the Stoke's drag constant which is 6plr for spherical particles of radius r, s p is the relaxation time of the particle phase which is the time taken for the dust particles to adjust to the velocity of the fluid, c is the ratio of specific heat of dust to that of the fluid, and C p and C s are the specific heat of the fluid and dust particles at constant pressure, respectively. The boundary conditions for the problem in the dimensionless form are:
where e is the amplitude of the injection variation which is very small.
Solution of the problem
In order to solve these differential equations, we assume that the solution has the following form because the amplitude e 
When e -0, substituting (13) in Eqs. (2)- (11) and comparing the coefficients of e and neglecting the higher order terms, one can get the following equations with the help of Eq. (14) .
Fluid phase
Particle phase
The corresponding boundary conditions reduce to
The above obtained equations are linear partial differential equations describing the 3-D flow. In order to solve these equations first we have to solve the Eqs. (15), (17), (18), (20), (22) and (23) for cross flow, being independent of the main flow components u 1 and u p1 , and the temperature fields h 1 and h p1 .
We assume v 1 , v p1 , w 1 , w p1 , p 1 of the following form. 
where a prime denotes differentiation with respect to y. Eqs. (26)- (29) have been so chosen that the continuity Eqs. (15) and (20) are satisfied.
Substituting these equations into Eqs. (17), (18), (22) and (23) and substituting in Eqs. (16), (19), (21) and (24) we obtain the following equations:
with corresponding boundary conditions
where a prime denotes differentiation with respect to y. Solving Eqs. (40)- (43) under the boundary conditions Eq. (44) and using Eqs. (36)-(39) we get Now, after knowing the velocity field we can calculate the skin-friction components T x and T z in the main flow and transverse directions, respectively as:
From the temperature field, we can obtain the heat transfer coefficient in terms of the Nusselt number Nu along y direction is
The distribution of the Nusselt number Nu along the z direction is 
From Eqs. (45)-(47) for the main flow skin friction and heat transfer coefficients can be shown easily that Nu = T x for P r = 1. Table 1 , one can see that irrespective of any value of k, the velocity profiles of both fluid and dust phase decrease with an increase in the mass concentration of the dust particles. Also, the profiles decrease with an increase in the injection parameter for any value of the dust particles mass concentration. The velocity profiles maintain an increasing trend near the lower plate and attain its maximum value very near the lower plate and thereafter it decreases steadily and reaches steady state.
Results and discussion

Main flow velocity profiles
Further, we can see that the fluid and dust particles behave in the same manner. But the profiles of the dust are at a lower height as compared with the fluid. The velocity profiles in the case of a clean fluid increase steadily where as in the case of a dusty fluid, the velocity profiles increase steadily near the lower plate and a decreasing trend is seen as it approaches the other plate. This phenomenon can be attributed to the presence of the dust particles. So, we can say that the presence of suspending dust particles in the fluid has the influence of accelerating the motion of the fluid. 
Cross flow velocity profiles
The cross flow velocity component w is due to the transverse exponential injection velocity distribution applied through the porous plate at rest. This secondary flow component is shown in Figs. 4(a) and (b) and 5(a) and (b). From these figures, we observe that the cross flow velocity increases with an increase in the concentration of the dust particles at a point which is located a little away from the mid-way between the two plates and there after reverses its trend. The velocity profiles increase steadily near the lower plate and reach the maximum value at a point a little away from the lower plate and thereafter a reverse trend occurs.
From Figs. 6(a) and (b) and 7(a) and (b), it is seen that irrespective of any value of k, the velocity profiles in the cross flow direction increase with an increase in the mass concentration of the dust particles up to a point located a little away from the mid-way between the two plates and thereafter a reverse trend is seen. 
Skin friction components T x and T z
The variations of the skin friction components T x and T z in the main flow and transverse directions respectively are shown in Tables 2 and 3 . From these tables, we conclude that for a given value of the mass concentration and relaxation time of the dust particles, the main flow skin friction component T x increases with an increase in the injection parameter. Also, for a given value of the injection parameter the main flow skin friction component T x increases with an increase in the mass concentration of the dust particles, whereas a reverse trend is seen when the relaxation time of the dust particle increases. We find an appreciable increase in the T x value even for a slight increase in the relaxation time of the dust particles.
The skin friction component in the transverse direction T z increases with an increase in the injection parameter for fixed values of mass concentration and relaxation time of the dust particles. Also, for a given value of the injection parameter the skin friction in the transverse direction T z increases with an increase in the mass concentration of the dust particles. The value of T z decreases as the relaxation time of the dust particles increases. However, for a clean fluid, the skin friction in the transverse direction T z decreases with an increase of the injection parameter. Table 2 Variations of T x and T z for P r = 0.7 and P r = 7.0 with various values of k. Table 3 Variations of T x and T z for P r = 0.7 and P r = 7.0 with various values of s. air and water decreases with an increase in the injection parameter for a given value of the mass concentration of the dust particles where as Nu for both air and water increases with an increase of the mass concentration of the dust particles for any value of the injection parameter. The Nusselt number Nu for both air and water decreases with an increase in the relaxation time of the dust particles for a fixed value of the mass concentration and injection parameters. It is to be noted that for a clean fluid the heat transfer coefficient Nu decreases with increase of the injection parameter k for both air and water. It is observed that heat transfer coefficient is much lower in the case of water (P r = 7.0) than in the case of air (P r = 0.7) for both dusty fluid and clean fluid cases.
Nusselt number
Conclusion
This problem of three-dimensional Couette flow and heat transfer of a dusty fluid between two infinite horizontal parallel porous flat plates was solved analytically using the perturbation method. The stationary lower plate was subjected to transverse exponential injection while the uniformly moving upper plate was subjected to corresponding constant suction. A selective set of graphical results was presented and discussed to show interesting features of the flow and heat transfer situation. It was found that.
The effect of mass concentration parameter on the main flow fluid-and particle-phase velocities u and u p are similar. But this effect is opposite to the skin friction components T x , T z and the Nusselt number Nu. The effect of the injection parameter on the main flow fluid-and particle-phase velocities u and u p and the Nusselt number Nu is the same but this effect is opposite to that of the skin friction components T x and T z . The effect of relaxation time parameter on the skin friction components T x , T z and the Nusselt number Nu is the same. 
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